A linear-response method to calculate the effective Coulomb interaction (U ) between closed-shell localized electrons is suggested and applied to the 3d closed-shell systems (Cu, Zn, and ZnO) based on plane-wave basis density-functional theory calculations. Since the closed-shell localized states are far below the Fermi level, large local perturbation potential (α) projected to the localized states is applied to induce purposeful density response (∆n). From the α, the perturbation potential cost for density response onset, by which the ∆n begins to be induced, is removed. The main screening channel for the effective Coulomb interaction is the itinerant electrons deoccupied from the perturbed localized states. The Cu, Zn, and ZnO 3d electron binding energies are calculated based on the local density approximation plus U with the U values calculated from the linearresponse, which are found to be in good agreement with experiments.
I. INTRODUCTION
The effective Coulomb interaction between the localized electrons in closed-shell systems can be important, even though their levels are located far below the Fermi level. As an example, by hybridization of the closed-shell states with some dispersed bands, in which the Fermi level lies, the correlated localized electrons can change the electronic structure near the Fermi level. In conventional local-density-approximation (LDA) calculations, the full-occupied Zn-3d states of ZnO are located within the dispersed O-2p bands, by which the unrealistic strong p-d hybridization affects the valence band states with changing the order of states at the top of the valence band and reducing the band gap. [1] [2] [3] [4] [5] [6] To avoid the scant description of the correlation effect in LDA, the LDA+U approach 7, 8 has been widely adopted for ZnO. [2] [3] [4] 6, [9] [10] [11] [12] [13] [14] The effective Coulomb interaction parameter U, however, has been chosen to fit experimental data 2, 5, 11, 12 or fit other calculations 4, 6, 9 or based on atomic calculations 3 , and spreads in a wide range of 2 ∼ 13 eV (Table I) .
Constrained-density-functional theory (CDFT) calculations with the constraint of the localized state occupation (n) can be used for obtaining the effective Coulomb interaction parameter U. [15] [16] [17] [18] [19] [20] [21] [22] The U value is defined as the second derivative (∂ 2 E/∂n 2 ) of the ground state energy E(n) of the constrained system or equivalently the level change (∂ǫ/∂n) with respect to the occupation. 23, 24 The LDA+U can give the correct (exact DFT) ground state of the system with appropriate U values through piecewise correction of the LDA total energy curve with respect to the electron number n. 20, 22 Since there is arbitrariness in definition of the localized state occupation n depending on the projection manifold, 21, 22, 25 the CDFT calculations should be performed consistently with the LDA+U DFT aimed for with the same definition of n and the same exchange-correlation functional to be corrected.
21,22,26
By employing a Lagrange multiplier (α) in the total-energy variational form, the localized state occupation n can be constrained basis-independently. 21, 22 The α is nothing but the local perturbation potential applied to the localized states, and the inverse linear response function χ −1 =∂α/∂n can be used for obtaining the effective Coulomb interaction parameter U. While the linear response CDFT method has been widely applied to open-shell systems, Here, we confine our discussions only to the rotationally invariant and site-averaged mean value of U, which is a good approximation for closed-shell (isotropic) bulk (homogeneous) systems.
III. RESULTS
A. Density Response Characteristics Figure 1 shows the calculated partial density-of-states (PDOS) of the perturbed 4-atomcell fcc Cu. We first apply the perturbation potential α KS projected to the 3d states of a Cu atom in the supercell, which induces the 3d level shift without any screening [ Fig. 1 
. The 4s → 4s * change of the host electronic structure accompanied by the ∆n contains the essential information of the correlation effect in U renormalization. By using a large-enough-size supercell, both the ∆ǫ KS f and ∆ǫ f vanish, and then the Hubbard U can be evaluated from
which can be interpreted as only the screening-induced level shift
by the same number of ∆n, excluding the potential costs (ǫ KS 3d and ǫ 3d ) to move the perturbed states near to the Fermi level.
B. Density Response Onsets
The perturbation potential α KS and α with respect to the calculated 3d occupation n are shown in Fig. 2 and ǫ 3d are the potentials for the 3d density response onsets without and with screening, respectively (with no Hubbard interaction without ∆n). The calculated potential onsets are ǫ KS 3d =2.1 eV and ǫ 3d =4.1 eV (Table II) , and they are almost independent of the supercell sizes, as shown in Fig. 2 Fig. 2(f) ]. As the supercell size increases, the α also approaches α − ∆ǫ f , as shown in Fig.   2(a)-(b) for Cu, Fig. 2(c)-(d) for Zn, and Fig. 2(e)-(f) for ZnO.
C. Hubbard U Calculations
The Hubbard U values are calculated for Cu, Zn, and ZnO by using Eq. 1, and shown in Fig. 2(g Table II . They are 2.9 eV for Cu, 3.9 eV for Zn, and 5.4 eV for ZnO.
If we apply corrections for the Fermi level increases due to the finite size supercells by using α KS − ∆ǫ KS f and α − ∆ǫ f rather than α KS and α, respectively, the convergence of the calculated Hubbard U values with respect to the supercell sizes can be slightly faster, as
shown by the dashed lines in Fig. 2(j)-(l) . However, even when we apply the corrections, the convergence seems to be achieved in the large-enough-size supercells, i.e, 32-(Cu), 16-(Zn), and 256-atom (ZnO) supercells. With the large-enough-size supercells, the calculated
Hubbard U values are almost irrespective of whether we apply the Fermi level corrections or not, as shown in Fig. 2(j)-(l) .
D. Screening Channels
We should address an effect of the shift (ǫ 3d ) of the 3d closed-shell states up to the Fermi level by applying the large α. In this process, the host electronic states are not significantly changed (4s ≈ 4s * ) with the perturbed 3d states still full occupied below the Fermi level, as described above and shown in Fig. 1 
16-19
This isolation of the perturbed 3d states occurs automatically accompanied with the 3d level shift. In applying the U to LDA+U DFT calculations, the isolation is not adequate, but the dispersed 3d states should be preserved for the exact ground state calculation.
20-22
In our approach, upon the density response, the ∆n holes are in the perturbed localized 3d states, while the ∆n electrons are in the itinerant 4sp states. On the other hand, if
we considered the real ground 3d states, the ∆n holes are in the dispersed deep 3d states, while the ∆n electrons are in the itinerant 4sp states. The ∆n electrons in the itinerant 4sp states are the same for the both cases, but the ∆n holes are different in their states for the two cases. The α − ǫ 3d (ǫ 3d is a constant) with respect to the ∆n is important for the U evaluation. The α, the level shift of the perturbed 3d states, upon ∆n is affected by (i) the itinerant 4sp electrons (screening the α), and also by (ii) the ∆n holes in the perturbed 3d states (relaxation of the perturbed 3d orbitals by the ∆n hole generation). The former contribution of the screening by itinerant electrons has been well known to give the main effect on the U renormalization (which is also according to the Herring's indication), 19, 21, 23 and the relaxation of the perturbed 3d orbitals upon ∆n gives a small change in α as a secondary contribution. Therefore, the calculated U values are correct within the first order of screening. That the calculated 3d electron binding energies are well close to the experiments, which is discussed in the next paragraph, indicates again the screening by the itinerant electrons is the main effect on the U renormalization.
E. 3d Electron Binding Energies
We performed the LDA+U DFT calculations for bulk Cu, Zn, and ZnO with the calculated Hubbard U values. The calculated PDOS in the LDA+U are shown in Fig. 3 in comparison with the LDA results. For Cu, the LDA+U (U=2.9 eV) yields a stronger 3d electron binding energy by about 0.8 eV than the LDA, as shown in Fig. 3(a) . The experimental X-ray photo-emission spectroscopy (XPS) energy of the 3d state in bulk Cu is 3.1 eV, 35 which is closer to the LDA+U result. For Zn, the LDA+U calculation (U=3.9 eV) gives a stronger 3d electron binding by about 1.8 eV than the LDA, as shown in (c) Zn 2 (d) Zn 16, 128 (e) (ZnO) 2 (f) (ZnO) 16, 256 (g) Cu (j) Cu 
